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We study the interplay of thermal and diffractive effects in Casimir energies. We con- 
sider plates with edges, oriented either parallel or perpendicular to each other, as well 
^ as a single plate with a slit. We compute the Casimir energy at finite temperature 

using a formalism in which the diffractive effects are encoded in a lower dimensional 
^ non-local field theory that lives in the gap between the plates. The formalism allows 

pg for a clean separation between direct or geometric effects and diffractive effects, and 

*/~J makes an analytic derivation of the temperature dependence of the free energy possi- 

Q ble. At low temperatures, with Dirichlet boundary conditions on the plates, we find 

[^ that diffractive effects make a correction to the free energy which scales as T^ for 

O perpendicular plates, as T'^ for slits, and as T'^ log T for parallel plates. 



X 



^daniel. kabat@lehinan.cuny.edu 
^dimitra. karabali@lehnian.cuny.edu 



1 Introduction 



The Casimir effect is famous as a prototype for the influence of boundary condi- 
tions in quantum field theory. The original Casimir effect described the interaction 
between two infinite parallel conducting plates due to vacuum fluctuations of the 
electromagnetic field [Tj. Since that pioneering work many variants of the effect have 
been studied. For recent reviews see [2]. 

It is interesting to ask how the Casimir energy is modified when the plates have 
boundaries, either apertures or edges. That is, it is interesting to ask how diffractive 
effects correct the Casimir energy. We studied this in [3] using a formalism which we 
will review below. An advantage of our formalism is that it allows for a clean separa- 
tion between direct or geometrical effects associated with the plates, and diffractive 
effects associated with the plate boundaries. In |3j we considered several geometries: 
two perpendicular plates separated by a gap, a single plate with a slit in it, and two 
parallel plates, one of which is semi-infinite. For other approaches to analyzing the 
Casimir energy in such geometries see [H El E] ■ 

In the present paper we extend our results to finite temperature. One of our mo- 
tivations is to obtain an analytic understanding of the non-trivial correlation between 
geometry and temperature found in [71 [8] using worldline Monte Carlo techniques. 
Although the high temperature limit of the Casimir energy obeys a well understood, 
linear dependence on temperature, the low temperature limit is much more subtle 
and depends crucially on the global configuration of the plates. 

By way of outline, in section [2] we set up the formalism at finite temperature and 
collect some useful preliminary results. We study the behavior at low temperature 
in section [3| with perpendicular plates in section [STU slits in section 3^ and parallel 



plates in section 3^ We conclude in section |4j Appendix |A] collects some useful 



results on the partition function of an ideal gas. 



2 An effective action for edge effects 

We consider a free massless scalar field in four dimensions, with Dirichlet boundary 
conditions imposed on an arrangement of plates. The basic plate geometry we will 
consider is shown in Fig. [Tj Besides the two dimensions shown in the figure, the full 
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Figure 1: A two-dimensional slice through the geometry. Dirichlet boundary condi- 
tions are imposed on the solid lines. The gap between the plates (where the non-local 
field theory lives) is indicated by a dashed line. The four-dimensional geometry also 
has a periodic spatial dimension of size Lz out of the page and a periodic Euclidean 
time dimension of size (i. 

geometry also has a periodic spatial dimension of size L^ and a periodic Euclidean time 
dimension of size /3. For simplicity we will always have in mind the limit L^, L^ — ?■ oo, 
but as we are interested in finite temperature we will keep /3 fixed. 

Starting from the geometry in Fig. [T| but restricting to field configurations which 
are odd under x — )■ — x, is equivalent to imposing a Dirichlet boundary condition at 
X = 0. That is, it corresponds to the effective arrangement of plates shown in Fig. [2j 

For reasons discussed below, we will focus on three special cases: 



• a single plate with a slit, corresponding to hi, 1)2 ^ oo, w = 2a fixed in Fig. [T] 

• perpendicular plates, corresponding to 6i, 62 ^" oo, a fixed in Fig. |2j 

• parallel plates, corresponding to a, 61 — )• 00, 6 = 62 fixed in Fig. |2} 

The basic strategy, developed in [3] , is to do the Euclidean path integral in stages. 
We first fix the value of the field in the gap between the plates, setting = 0o on 
the dashed line indicated in the figures, and subsequently integrate over (pQ. In other 




Figure 2: The effective plate geometry for odd-parity modes. 



words we write the Euchdean partition function as 



V(f)c 



V(j) e~ 

I gap = 00 



fd'^x\d<t>-< 



By integrating out the scalar field in the bulk regions (top and bottom) we obtain a 
non-local effective action for 0o- To perform the bulk path integral we set = 0ci + <^0 
where (50 vanishes on all boundaries (including the gap), and n0ci = subject to the 
boundary conditions 



^cl -> 



00 in gap 

elsewhere on boundary 



(2) 



The action for 50 separates into top and bottom contributions leading to 



Z 

So 



det-V2(_n,.Jdet-i/2, □ 



-Jtop 



d X -(90ci ■ (90ci 



bottom J 



2)00 6 



'So 



(3) 



where Dtop, Dbottom are the corresponding Laplacians. Given the boundary conditions 
on 50, the bulk determinants are to be evaluated with Dirichlet boundary conditions 
everywhere, including the part of the boundary which corresponds to the gap. 

0ci can be written in terms of 0o and the Green's functions Gtop and Gbottom- 
These obey Dirichlet boundary conditions and satisfy \3G{x\x') = 6^{x — x') in the 



bulk regions. 

{f d?x' dnix') n ■ d'Gtouixlx') on top 
(4) 
J (Px' (f)o{x') n ■ d' G\,ottoin{x\x') on bottom 

Here n is an outward-pointing unit normal vector. Integrating by parts, the classical 
action in ([s]) becomes a surface term, 

Sq= j d^x / dV -(j)o{x) (Mtop(a;|a;') + Mbottom(x|x')) 4>o{x) (5) 

M{x\x') = n ■ On ■ &G{x\x) (6) 

The operator M{x\x') is defined on the boundary between the bulk regions including 
the gap. 

The bulk determinants in ([s]) capture the Casimir energy that would be present 
if there was no gap in the middle plate. Corrections to this are given by a non- 
local field theory that lives on the gap separating the two regions. We can write a 
mode expansion for the fields 0o as 0o(^) = Sa'^a'"a(-^) where {ua{x)} constitute a 
complete set of modes for functions which are nonzero in the gap with the boundary 
condition that Ua{x) — )■ as one approaches the edges. Integrating over Ca leads to a 
representation of the four-dimensional partition function 

Z4d = det -1/' ( - Dtop) det '^'^ ( - Dbottom) det "^/^ (Otop + ^bottom) (7) 

where 

O^p = / (fx dV Ua{x)M{x\x') up{x') (8) 



-'gap 

Because the mode functions Ua{x) vanish outside the gap, the operators O are es- 
sentially the projected versions of M{x\x') onto the gap, O = PMP, where P is a 
projection operator onto functions with support in the gap. That is 

PfU) = S ^^^^ if a; G gap 
I otherwise 



The explicit form of the operator M{x\x') and its projected version O depends, in 
general, on the arrangement of plates and gaps. For the geometries shown in Figs. [T] 



and [2I the non-local operators which appear in the effective action for 0o are [3] 

Otop = P , , , P (9) 

^ tanh(6iv/^V^) ^ ^ 

/n _ p ^ p 

tanh (62V-V2) 

Here V^ is the 3-diniensional Laplace operator defined on the middle plate (including 
the gap) and P is a projection operator onto functions with support in the gapF] 

At this stage it is convenient to make a Kaluza-Klein decomposition along the 
two extra periodic directions. This leads to a representation of the four dimensional 
partition function in terms of a momentum integral and a sum over Matsubara fre- 
quencies. 

/,, 00 
— J2 log ^2d (/^ = Vk' + (2vr///3)2) (10) 

l=-oo 

Here Z2d(/i) is the two-dimensional partition function for a scalar field of mass /i in 
the geometry shown in Fig. [T] or [2j 



The representation ( 10 ) makes it apparent that in the high-temperature limit (/3 — )■ 
0) only the / = mode contributes and the problem reduces to a partition function 
in three dimensions. Thus in the high-temperature limit the partition function is 
independent of T, and the free energy is linear in T, independent of the geometryjj 
The behavior at low temperatures is more subtle and will be considered in section [3] 

For the geometry of Fig. [T| a complete set of odd- and even-parity functions which 
vanish for \x\ ^ a are 

odd ^ f (-l)"'75sin(m7ra;/a) for -a ^ x ^ a m = 1,2,3,... 
""^ ~ \ otherwise ^ ^ 

^even^ [ (-lF^^7sCos(pvra;/«) for -a^x^a p=i,|,|,... 
^1 otherwise 

^Thc asymptotic spectrum of such operators has recently been considered in [9^. 

^Strictly speaking this logic does not apply to ultraviolet divergent parts of the partition function, 
and after renormalization divergent parts of the partition function can make contributions to the 
free energy which grow as higher powers of T. But since they are associated with UV divergences, 
such contributions will necessarily be proportional to geometrical volumes or areas, and are not 
conventionally regarded as part of the Casimir energy. For an explicit example of this sort of 



behavior see (103) 



Matrix elements of the operators ^ can be evaluated in this basis as in ([s]). For the 
operator (denoting dx = -^) 

tanh {h^-dl + ^2) 
we have the matrix elements 

0°^^ = - r dk sm\ka) M{k) yy^^^^^ T:^^^^^ (13) 

0;r = - /" ^^ C0S2(^«) ^(^) ,2 2^"" 2 2 .2 2^"" 2 2 (14) 



where m,n = 1,2,- ■■, p,q = 1/2, 3/2, ■ ■ ■ , and M(/i;) = ^ — x has the useful 

tanh ( 6y fc2+/x2j 

representation 



00 






As discussed in [3], by contour deformation the matrix elements can be decomposed 
into "direct" and "diffractive" contributionsEl For the odd matrix elements 

0™ = O^^' + OZ'''''"^ (15) 

(^direct _ v/(m7r/a)2 + ;z2 ^^^ 

"*"■ tanh {h^J{rmx /aY + /^^) 



^diffractive ^ _2^^2 J^ ^ _ exp ( - y Vj%^T7&^) ) 
7 = 1 ^ ^ 

(17) 



/j2^2 _j_ ^2^2 

rmx WK 



[rmihY + {jnay + (fiab)'^ {mrby + (jna)^ + {fiaby 



Hn [3] these were referred to as "pole" and "cut" contributions, respectively. 



Likewise for the even matrix elements 



/Steven 
PQ 



o\ 



direct 
pq 



o\ 



diffract ive 
pq 



/^direct _i_ /^diffractive 
pq "*" pq 

_ A/(p7r/a)2 + jj? 
tanh {h^J{p'n /aY + /x^) 

OO y 

-2a6^ ^ [ 1 + exp 

3 = 1 ^ 



5, 



pq 



(18) 
(19) 



2a 





q-K 



jV 



a/j'^TT^ _|_ ^2^2 



(p7r6)2 + (J7ra)2 + (/ia6)2 (g7r6)2 + (JTra)^ + (fiaby 



(20) 



(Aside from the allowed values of the indices, the only difference between odd and 
even parity is the sign in front of the exponential in the diffractive term.) Finally, 
to study the perpendicular plate geometry of Fig. [2} we only need to keep the odd- 
parity modes (11). Thus the matrix elements for perpendicular plates are exactly 



those given in (15) - (17) 



The direct contribution takes into account wave propagation directly across the 



gap. Note that it is diagonal in the basis we are using. Mathematically O' 



direct 



IS 



simply the operator 



V-dl+f^^ 



defined with Dirichlet boundary conditions at 



tanh (fe^-dl+z^a) 

X = —a and x = a. Corrections to this, which incorporate diffraction of waves through 
the gap, are encoded in (^diffractive 

The approach developed in |3] was to treat diffraction as a small perturbation. 
Taking the log of (Q and expanding in powers of (^diffractive^ ^j^g ^^ ^^^^ energy natu- 
rally decomposes into bulk, direct and diffractive contributions. 



- log Zbuik 

— log .^direct 

log ^diffractive 



^Trlog(-ntop) + ^Trlog(-n 
1 



bottom 



) 



Tr log (Of<Jr + ^bottom) 



-Tr 



— Tr 

4 

+ ■■■ 



/ /^direct \ ^ /^diffractive 

/ /'/-^direct \ ~ 1 /-/-jdiffractive //'/-jdirectX ^^ xz-jdiffractive 



(21) 
(22) 
(23) 



log ^diffractive 1*^S "^diffractive + 



.(2) 



(24) 



where in (23) 



/^direct 
/'/^diffractive 



/'/-^direct _i_ /'/-jdirect 

/i^diffractive _i_ /rjdiffractive 
^top ~r ^bottom 



(25) 



The bulk and direct contributions (21), (22) are basically Bose partition functions 
and can be calculated analytically. The relevant calculations are summarized in 
appendix |Xj Our main interest in the next section will be diffractive effects. 



3 Thermal free energy: low temperature limit 



In this section we study the behavior of the partition function (10) at low tempera- 



tures. Applying Poisson resummation to ( 10 ) gives 



logZ4d= £ /3L.y'^^e-/^-MogZ2d(/i = v/PT^) 



(26) 



The / = term is proportional to /3. It gives the Casimir energy at zero temperature 
that was studied in ^. Thermal corrections to this are given by 



logZ4d,T = ^y^ / fid fiJoiPlfi) log Z2d{fi) 



(27) 



where we set u = yUcos6', k = fi sin 6 and integrated over 6. 



It is clear that the behavior of (27) at low temperature, (3 — )■ oo, is related to the 



behavior of logZ2d as /i — )■ 0. For instance if logZ2d(/i) is analytic as a function of 
/i^ along the positive real fi"^ axis then the 4d free energy will vanish exponentially 
at low temperature^ On the other hand, assuming that log Z2d does not diverge for 



^To see this return to the representation ( 26 ) . Note that analyticity of log Z2d for positive real /x^ 
implies analyticity for positive real w^. Then the integrand in (26) is analytic along the real to axis 



and the ui contour of integration can be deformed into the upper or lower half plane. This shows 
that terms with / ^ are exponentially small. 



large /z, we can use |j 



oo 



^^-^0^^^^"^ z/r(-z//2) /3- ^^ 



So power-law behavior of the 2d free energy as /i — )■ 0, logZ2d ~ A^*^"^, will in general 
lead to power-law behavior of the 4d free energy at low temperature, logZ4d ~ T^ . 
(In accord with our analyticity arguments, the coefficient of T^ vanishes for v = 



2,4,6,...) 



For future use it is convenient to define /(z/) = — ^y(-i!i2) ■ Differentiating (|28|) 



with respect to v gives the useful identities 

1 
dxU(3x)x'^-^ = f{u)— (29) 

P 

oo -1 -, 

dx U(3x)x''-^ logx = -/(z/) -^ log/3 + f\u)— (30) 

P P 

oo 111 

dx Ufix)x''-\\ogxf = f\u) -(log/3)2 - 2/'(z/)-log/3 + f\u)- (31) 

P P P 

We will evaluate thermal contributions to the free energy using the representation 



(27). If the geometric parameters 0,61,62 are held fixed then, from (16) - (20), all 
matrix elements are analytic in //^ about /x = 0. The 2d partition function inherits this 
analyticity, which means that at low temperatures the 4d free energy is exponentially 
suppressed. As a result, we proceed to study three special cases which have interesting 
power-law behavior at low temperature: 

• perpendicular plates, 

• a slit geometry, 

• parallel plates. 

^One can make this well-defined by inserting a convergence factor e~°'^ and using 



/ 

Jo 






The final answer is independent of a as /3 — > cxi and yields ( 28 1 
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3.1 Perpendicular plates 

In this section we study the low temperature behavior of the free energy for perpen- 
dicular plates. The geometry of interest is shown in Fig. |3| However to regulate IR 
divergences we actually work with the geometry of Fig. |4]in the limit b, L^ — )■ cxd. 



^- 
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Figure 3: Perpendicular plates. The dashed line indicates the gap between the plates. 
There is also a periodic spatial dimension of size L^ — > oo pointing out of the page 
and a periodic Euclidean time dimension of size f3. 
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Figure 4: Regulated geometry for perpendicular plates. 

There are three contributions to the thermal free energy. 
Bulk contribution 



The bulk contribution (21 ) from the regions above and below the middle plate is that 

11 



of an ideal Bose gas. This is worked out in (103). Including surface contributions 



associated with the Dirichlet boundary conditions, the free energy is 

i^tr = i^i. = -^-^hL.L^T^ +^-^{L. + b)L.T' - ^L.T^ (32) 



To isolate the thermal Casimir energy associated with the gap in the middle plate 
we proceed as follows. First we subtract the free energy of a "big box" of volume 
26 X Lx X Lz without any middle plate. This is given by 

Fbox = -^26L.L,T^ + ^(^. + 2b)LzT' - ^L^T' (33) 

TT^ 47J- 47r 

Next we subtract the thermal self-energy of the middle plate itself, as well as the 
thermal self-energy associated with the "H" shaped junction on the right side of 
Fig. |4j These are given by 

itself = ^(^. - a)LzT' - ^-^LzT' (34) 

Thus the bulk contribution to the thermal Casimir free energy for perpendicular 
plates is 



pbulk _ pbulk I pbulk p p _ S\'J) J rpZ 'SK^) J rp2 /QCrN 

^±,T - -f^top + -f^bottom - -f^box " -f'self - ——Lzal ^~^^-^ K'^^) 



Eq. ( 35 ) provides the leading low temperature behavior of the Casimir energy and it 



agrees with the results on the thermal Casimir force found in [TJ [H] • 

Direct contribution 



To evaluate the direct contribution to the free energy (22), note from (16) that as 
6 — )■ oo the direct matrix elements are given by 



O^^r = ^/{m^^/aY + ^^H^n (36) 

Thus the direct contribution to the free energy can be identified with half the free 
energy of an ideal gas in 2 + 1 dimensions, where the gas occupies the region corre- 
sponding to the gap. This free energy is worked out in appendix [A| equation (105). 
We find that 



oo 



FfT = -^ E "^K.imnTr/aT) (37) 



2a ^-^ n 

m,n=l 
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At low temperatures, aT << 1, the direct contribution to the thermal free energy is 
exponentially suppressed since the thermal wavelength does not fit in the gapj 

First diff'ractive contribution 



To evaluate the diffractive contribution to the free energy (23) we need to study the 
operator (^diffractive^ As 6 — )■ oo we can replace the sum in (17) with an integral to 
obtain 

^ / ,, ( ^ _o„. /l,2_i_,,2\ rC 



o 



diffractive 



na^ 







dk { 1 — e 



-2ai/fe2+^2\ 



rmr 



mr 



) ^/WTJ^ (m7r/a)2 + A;2 + /i2 (^nn / a)"^ + k^ + fi"^ 

(38) 



Using (36) and (38) in (23), at first order in perturbation theory the diffractive con- 

1 



tribution to the 2d partition function is, with x 



logZ. 



diffractive 
2d 



rr ^—^ 



n Ti 



71" ^ ^Jn^-n"^ + ^"^a 



2n2 



dx^x^ - yu^a^ (l - e ^'') 



jjLa 



{x^ + rfin'^y 



(39) 
At this point we need to determine the non-analytic behavior as /i — )■ of the integral 

1 



J = / dx\/x^ — fx'^c 

J fia 



(1 - e-2-) 



(a;2 + ra^TT^) 



(40) 



To obtain this we split the region of integration in two, introducing an intermediate 



scale xq with fia <t^ xq <t^ 1. We evaluate the integral (40) in the region fia < x < xq 



by expanding the quantity in square brackets in powers of x and integrating term- 
by-term. Only even powers of x in this expansion give contributions which are non- 
analytic in /i^. Similarly, we evaluate the integral in the region xq < x < oo by 
expanding yx^ — fj^a^ in powers of /i^ and integrating term-by-term. This of course 
gives a contribution which is analytic in /i^. One can check that, order by order, the 
final result does not depend on the intermediate scale Xq. This procedure gives 

;(H^ log /ia+ ( 7-^-^ - 777-7-7 ) (H' log /ia + --- 



+ (terms analytic in /x^) 



24n47r4 



(41) 



Substituting this in (39) and evaluating the sum on n gives the non-analytic behavior 



of the 2d partition function. 

- log Z^r-*- = 1^ (H' log /ia + 



C(3) 3C(5) 



247r4 



57r^ 



(/ia)^ log yua -|- 



(42) 



^This also follows from the fact that the matrix elements (36 1 are analytic in /i^ about ^ = 0. 
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From (27) the leading low temperature behavior of the 4d thermal free energy is then 

^diffractive ^^^Ci^J^ T rf(/ia) Jo(/3//i) (H' log(H 



1=1 



This integral is evaluated using (30). In the case at hand /(6) = and /'(6) = —64. 



Doing the sum on /, the first diffractive correction to the free energy is 

^|l)diffractivc _ _ 167rC(3) ^^^,^6 ^ ^^^8^ ^^^^ 



Higher diffractive contributions 

In ^ we studied higher order terms in the expansion (24). We found that the n*^ 



order diffractive contribution to — log Z2d for perpendicular plates is of the form 

on— 1 roc " , 

-log z(f ^«--'- = - V / n ^y^^y" - 1 (1 - ^"'""'0 T(Ma)*r(/ia)*- ■ ■*r(/ia) 

(44) 
where 

T*T*---*T = T{iJ,a,yi,y2)T{ij,a,y2,y3) ■ ■ ■T{ij,a,yn,yi) 

and 

II n v IT 

T{ij,a,y,z) = >, , (45) 

'"" r=i2--- v '"^^^ + /U^fl^ (r^TT^ + fx'^a'^y'^) {r^TC^ + fx'^a'^z^) 

Using the change of variables Xi = ^ayi and analyzing each of the x, integrals as 



outlined below (40), we find that the small /i behavior of the 2d partition function is 



characterized by analytic and non-analytic terms of the form 

n oo 

_j^g^Hdifrractive ^ Y,Y.'^rl{^^ar^'\\og^^ar (46) 

+ (terms analytic in /i^) 
The second order diffractive contribution to the {jiaY log(/ia) term is 0.00031 {jj,aY log/ia. 



This is a 10% correction compared to the first order term £^(/ia)^log/ia in (42). 
Higher order effects are much smaller. 

Logarithms of the temperature arise at higher orders in perturbation theory. In- 



deed, using relations similar to (31), but applied to higher log-terms, we find that the 
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^th QTj.(^QTj- diffractive term in the perturbative expansion contributes to the thermal 
free energy new log-terms of the form T^"+^"'"^'(logT)"~^, / = 0, 1, ■ ■ ■ . The first 
logT term is of order T^° logT and can be neglected at low T. 

Summary 

Collecting our results, the low temperature behavior of the free energy for perpendic- 
ular plates, up to first order in diffractive effects, is 

F^,T = -^-^L^T' + ^-^L^aT^ - ^^^L^a'T^ + 0(T«) (47) 

OTT 47r 945 

The two leading terms come from the bulk determinants. They have a simple physical 
interpretation. At low temperatures {aT <^ 1) the thermal wavelength is larger than 
the size of the gap. As a result the field does not see the gap and behaves as though 
a Dirichlet boundary condition had been imposed there. So the thermal renormaliza- 
tion of the tension associated with a Dirichlet boundary and a "h" shaped junction 
also applies to the gap. This effect can be thought of as an excluded area effect, 
and is responsible for the leading low temperature behavior of the Casimir energy. 
Diffractive effects are subleading, beginning at (9(T^), while the direct contribution 
from the theory in the gap is exponentially suppressed. 



3.2 Slit geometry 

In this section we study the low temperature behavior of the free energy for a slit of 
width w = 2a. The corresponding geometry is shown in Fig. |5] 

^ w = 2a > 



Figure 5: Slit geometry. The dashed line indicates the gap between the plates. There 
is also a periodic spatial dimension of size L^ — )■ oo pointing out of the page and a 
periodic Euclidean time dimension of size /3. 

There are again three contributions to the thermal free energy. 

Bulk contribution 

The bulk contribution for the slit is very similar to the one found for the perpendicular 
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plates. The contribution from the regions above and below the middle plate is that 



of an ideal Bose gas as in (32). In isolating the thermal Casimir energy associated 



with the slit, we subtract the free energy of the "big box" as given in (33) and the 
self energy of the middle plate which is 



self 



C(3) 



(L, - w)L,T^ 



C(2) 



47r ' ' 47r 

The final bulk contribution to the free energy is 



L.T' 



C(3) 



i^ I ^ — P^^^ + -Tbottom ~ -^box — -Tself — —. J^zWl 



top 



47r 



(48) 



(49) 



Direct contribution 

To evaluate the direct contribution to the free energy (22), note from (16) and (19), 

that as 6 — )■ oo the direct matrix elements are given by 



/indirect 



^{iTl/wf+llHlv 



(50) 



where both odd (16) and even terms (19) have been included. The direct contribution 



to the free energy is given by (37), where a — ;■ if, and it is exponentially suppressed 
as expected. 

First diffractive contribution 



operator (^diffractive^ As 6 — > oo we can replace the sum in (17) and (20) with an 



To evaluate the diffractive contribution to the free energy (|23|) we need to study the 
operator O^^'^""^'' 
integral to obtain 

dk \l - (-l)'e-'"v/^^ 



diffractive 



/?-)ainra( 
*-^slit,n' 



TTW^ 



Itt 



I'll 



J ypTTI^ {l7r/wy + k^ + fi^ {I'n/wy + k^ + fi^ 

(51) 



Using (50) and (51) in (23), at first order in perturbation theory, the diffractive 



contribution to the 2d partition function is 



l^rr ^diffractive 
iOg ^2d 



brvodd, diffractive i r^oven, diffractive 
g^2d -log^2d 



(52) 



E 



2^2 



IH 



^^' tt VWN¥TJi? Jo 



dk 



/^Y^-Wy/k^+J7^ 



./WTJ>^[{ln/wy + k^ + fi^Y 



where — log ^2^ ' ' '^'^ '™ accounts for the contribution of the odd modes / = 2m and 
— log ^1™"^' ' '^^ '™ accounts for the contribution of the even modes I = 2p+l. Using 
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w = 2a and changing variables to x = a -^/fc^ + jj? we find that — log Z^^ ' ' '■^'^*^™ is 
identical to the expression (39) for the perpendicular plates. As we saw in section 
3.1, this produces a diffractive correction to the thermal free energy of order T^ at 
low temperatures, namely 



i(l)odd, diffractive _ iOTTC, (oj 4 g /nfj^S 



slit.T 



945 



(53) 



Next we focus on the contribution of the even modes. 



1 „ ^even.diflfractive 



- E 



p^vr^ 



p=l/2,3/2,. 



^p2^2 _^ ^2g^2 J^^ 



poo -1 

/ dx ^x^ - n^a^ (l+e-2^) 



x^ + p'^n'^y 
(54) 
At this point we need to determine the non-analytic behavior as /x — )■ of the integral 



/' 



dx\J : 



x^ 



2n2 



fx^a 



/la 



(1 + e-2^) 



1 



(x^ + p'^ir'^Y 



(55) 



Following the same analysis we did for (40) in the case of the perpendicular plates 
we find 



/' 



+ (terms analytic in yU^) 



(/ia)^ log yua + 



(56) 



Substituting this in ( 54 ) and evaluating the sum on p gives the non-analytic behavior 
of the even 2d partition function. 

, r7even,diffractive ' C(3) / x2, / ' C(3) 31C(5) \ / x4 , /^.-x 

-log^2d = ;^(/^«) log/^«-(^;^i ;^ ) (/^«) log/ia+--- (57) 



Using (|27|) and (|30|) we find that the leading low temperature behavior of the even 

14C(3) 



4d thermal free energy is 



r^(l)even, diffractive 
""slit.T 



457r 



L.a'T'' + 0{T^) 



(5J 



Comparing (53) and (58) we see that the even modes dominate the diffractive con- 
tribution to the free energy at low temperatures. So, for a slit of width w, 



-i(l)diffr active 
^slit,T 



7-i(l)odd, diffractive ^^ T-i(l)even, diffractive 
-^slit.T + -^«l 



slit.T 



703) 
907r 



L.w'T'' + C(T'' 



(59) 
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Higher diffractive contributions 

In [3] we studied higher order terms in the expansion (24). We found that the even 

^th QTi-f^Qj- diffractive contribution to — log Z2d for a sht of width w = 2a is of the form 

on— 1 /-oo ^ I 

- logZ^T'^'^") = / \\dyJy^ - 1 (1 + e-2^^'^0 S{^ia) * S{fia) *■■■* Sifia) 

^ Ji .-I 



j=i 



(60) 
where 

S*S*---*S = S{^a, yi, y2)S{^a, y2, y^) ■ ■ ■ S{na, y^, yi) 

and 



/i^a^ Y^ r^vr^ 



S{iJ,a,y,z) = NJ (61) 

■''" -1/2^/2 v^^TT^ + yU^a^ (r^vr^ + iJ?a'^y'^) (r^vr^ + jji^a^z"^) 

Using the change of variables Xj = ^ayi and analyzing each of the x, integrals as 



outlined below (40), we find that the small /x behavior of the 2d partition function is 

n oo 

-logZ.T'^'^") = J]J]i?H(/ia)^'-+^'(loga/i)^ (62) 

r=l /=0 

+ (terms analytic in /i^) 

The second order diffractive contribution to the (/la)^ log(/ia) term is —0.00526 (/la)^ log/za. 
This is a 6% correction compared to the first order term — ^(/xa)^ log/xa in (57). 
Higher order effects are much smaller. 

As explained earlier in the case of the higher diffractive contributions for the per- 
pendicular plates, each n^^ order diffractive term in the perturbative expansion con- 
tributes new log-terms to the thermal free energy of the type T^"+^"'"^'(logT)"~^, I = 
0, 1, ■ ■ ■ . The first logT term is of order T^ logT and can be neglected at low T. 

Summary 

Collecting our results, the low temperature behavior of the free energy for a slit, up 

to first order in diffractive effects, is 

FsHt,T = ^-^L^wT' - ^4!^L^^'T' + 0{T') (63) 

47r 907r 

The leading contribution comes from the bulk determinants. The direct contribution 
from the theory in the gap is exponentially suppressed while the diffractive contribu- 
tion is subleading, beginning at 0{T'^). 
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3.3 Parallel plates 

In this section we study the low temperature behavior of the free energy for parallel 
plates. The geometry is shown in Fig. |6] 



\' 



Figure 6: Parallel plates. The dashed line indicates the 'gap' between the plates 
where the non-local field theory lives. There is also a periodic spatial dimension of 
size L^ — 7- oo pointing out of the page and a periodic Euclidean time dimension of 
size (3. 

As before, there are three contributions to the free energy. 

Bulk contribution 

The bulk contribution to the free energy (21 ) has two components. In the region above 



the middle plate we have an ideal gas in infinite volume, with a free energy given in 
(103). In the region below the middle plate we have an ideal gas at low temperature 



{bT <^ 1), with a thermal free energy given in (100) that is exponentially suppressed. 
Overall we have 



nbulk 



C(4) 



Vt 



TT^ 



top 



T' + ^A 
Stt 



top J 



m 

167r 



PiopT' 



(64) 



To make this well defined we are actually working with the geometry shown in Fig. |2] 
in the limit a,6i — )■ oo with 6 = 62 fixed. The quantities Kop, ^top, -Ptop refer to the 
volume, surface area, and "perimeter" (length of the corners) of the region above the 
middle plate. For instance Ptop = 4L^. 

Direct contribution 
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The direct contribution to the free energy is 



-idirect 



2/3 



(65) 



^{rni/af + /i2 (l + coth ('6V(n7r/a)2 + /i2 



Here 6 = 62 is the distance between the plates. We have set 61 = 00 but kept a as an 
infrared regulator. 



The direct contribution breaks up into two pieces. The first piece is 



-i{l) direct 






(66) 



This is half the free energy of an ideal gas in 2 + 1 dimensions, in a box with a Dirichlet 
direction of size a and a periodic direction of size L^. This is evaluated in appendix 
lAl equation (|106[). We find 



p(l) direct _ C(3) 

The second piece of the free energy is 



L^aT"^ + 



02) 

47r 



L.T' 



^(2) direct 



1 



log 1 



^-2by(Iif)2 + (f^)2 + (21^)2 



(67) 



(6^ 



This is studied in appendix [B| equation (109). At low temperatures, 6T <^ 1, we find 

J-, (2) direct _ C(2) 



A-K 



An 



C(4) 



L.abr 



-n" 



Combining (67) and (69) there are some cancellations, leaving 

^direct C(4j 



TT^ 



An 



(69) 



(70) 



Diffractive contribution 

Finally we turn to the diffractive contribution (23). Combining the top and bottom 

contributions we have the direct matrix elements 



O^r = 2v/(mvr/a)2 + /.2 ( 1 



,-2b^y(m■K/a)2+^l2\ 



(71) 
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The top diffractive matrix element is, sending a, 6 — ;■ oo in (17) 



0j.p,afrrac.ve = J^J'^dy ^y^l ,_ ,„?" . .. . TIT^TtS^^T^ (72) 



TTO'^ Ji {m-K /ay + /i^y^ {mi /aY + /x^i/^ 



where the sum became an integral over y = ^J [jix / jihY + 1- The bottom diffractive 
matrix element is 



O: 



-2ab ^(l-exp(- 2a^/{jn/b)'^ + fi"^ 



mn 

^^ 



2^2 



bottom, diffractive _ o„Z, \ ^ M „, / o„ / 1 A„ IU\2 i T/lW J 



VWJW+"' 



i=i 

(73) 

[mnby + {JTcay + (naby (nnb)^ + (JTca)'^ + (fiab)"^ 

The bottom diffractive contribution can be obtained from previous results. Note 
that |Tr OjjJe^t ^bottom, diffractive IS Symmetric under exchange of a and b. As a — )■ oo it 
can be analyzed along the lines of the first diffractive contribution for perpendicular 



plates. In fact it gives exactly half of the perpendicular plate result (39) with the 
replacement a — t- 6. So from (43) it makes a contribution — ||^L^6^T^ to the free 



energy in four dimensions. This will turn out to be a subleading contribution at low 
temperatures. 

The leading diffractive contribution to the 2d partition function comes from the 
top matrix elements. 

- log ^2d '^'"' """ = 2 '^^ ^direct ^top, diffractive 



1 '■' 



47r2 







dz (1 - e-2'^'/^) g{z) (74) 



To obtain this we did the integral over y, the trace became an integral over z = 
[ij ^/irm jaY + p?-, and we introduced the function 

g{z) = -^^= - Y^ cosh-i(l/z) (75) 

zVl - z^ 1 - z'^ 



It is convenient to break the integral (74) into two pieces. The first piece is 



j^g^drverger.t^_ 1 f\^ ^^^^ (^g^ 
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4vr2.o 



This is log divergent since g{z) ~ I/2; at small z. We can regulate the divergence by 
introducing a momentum cutoff A (a cutoff on the value of nvr/a). This corresponds 
to a lower limit of integration at z = [ij ^ h? + y?. The regulated contribution to the 
partition function is then 



The second piece of (74) is 



log Z^f^ = l-jdz e-^>^"^g{z) (7J 



To determine the non-analytic behavior as /i6 — ;■ we introduce a separation scale zq 
and break the integral over z up into ultraviolet (0 < 2; < Zq) and infrared {zq < z < 1) 
regions. The choice of separation scale is a bit subtle since it has to scale with /i6 as 
lib — )■ 0. The correct prescription is to set zq = C\f]jih where c is an arbitrary constant. 
The ultraviolet contribution is then 



1 CZ<A 

logZUV = — ^ dze-^^'l^g^z) (79) 



47]-2 



= ^£^.e--^/^Q + .(^ + log|) + .^(^ + log|) + 0(.^)) 

Integrating term-by-term gives the ultraviolet contribution as an expansion in powers 
of ^f\S). Likewise the infrared contribution is 

-logZ^:^ = i/ ^^e-2^'/'^(^) (80) 



Again integrating term- by-term gives an expansion in powers of \f\ih. Putting (79) 
and (80) together we find 

- log Z^'^ = -^ log(/i6) + ^/ife - ^(/x6)2 [\og\fib) + 2(7 - 1) log(/i6)] 

+ ^(/i&f + --- (81) 
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In this expression ■ ■ ■ denotes higher-order non-analytic terms as well as odd analytic 
terms of order (yu6)^ and higher. Terms analytic in /x^ have been neglected since they 
give exponentially small thermal corrections. Note that the dependence on c cancels 



between the UV and IR contributions, and the final expression (81) does not depend 
on c. Putting (77) and (81) together we havqj 



log Z 



diffractivc 
2d 



1 



-Jib 



^ ifibf [\og\fib) + 2(7 - 1) log(/i6)] + -^(/i6)3 + 



471-2 



12 



(82) 



From (27) the low temperature behavior of the 4d free energy is then 



ndiflfr active 



1=1 



7,^2 E / d{iib)UM {-fiblogZff^^^'"^) 



62 
62 



03) 

87r 

03) 
87r 



m' - "^ E F '°s(2''T/0 + '-^ibTf + • • 



(bTf 



1=1 



(83) 



The diffractive contribution to the free energy is purely an edge effect. 



Summary 

Combining (64), (70) and (83) we have 

C(4) ,, ^4 , C(3) 



2C(4) 



KffT^ + 



A, 



off 



r3 _ ^p^^T^ 



TX" 



87r IGvr 

L.b'T' [\og{2bT) + 1^) + ^-^L^b^T' + ■■■ 



lA) 



The first three terms have a simple geometrical interpretation, as the free energy of 
an ideal gas filling the shaded region in Fig. [Tj Here Kff = Vtop-\- L^ab is the volume of 
the shaded region, while A^e = ^top + LJj is its effective surface area and Peg = AL^ 
is its effective perimeter. There are some important cancellations that go into this 



result. In particular, due to a partial cancellation between (70) and (83), Agg only 



counts the surface area of the shaded region associated with solid lines in Fig. [7j Also 
the two extra corners of the shaded region (denoted A and B in the figure) do not 
contribute to Pcff- The final term in the free energy is a purely diffractive effect and 
does not have a simple geometric interpretation. 



^ Again we have dropped terms analytic in /i^. This inchidcs the cutoff dependence which only 
appears in the combination Iog(A5). 
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B 



Figure 7: At low temperature the free energy for parallel plates (84) comes in part 
from an ideal gas filling the shaded region. 



A nice way to interpret this result is to isolate the thermal Casimir energy asso- 
ciated with the gap. Proceeding as in section [3T we first subtract the free energy of 
a "big box" without any middle plate, given by 



box 



C(4) 



TT^ 



V^box-f + -7: ^box-f — TT^-* box-' 



in 



167r 



(85) 



Next we subtract the thermal self-energy of the middle plate itself, as well as the 
thermal self-energy associated with the "H" shaped junction on the right side of 
Fig. [7| These are give by 



-r^self — -J Opiate-' 



^Mrr- 



in 



m) 



The bulk contribution to the free energy associated with the gap in the middle plate 
is then 



FllT — Fun^ — Ff 



box -'^ self 



C(4) 



4 _ C('3j . ^3 I Q{2) ^ ^2 

2 ' ex-^ o ^ex 



v;.T" - 



4 T'^ -\- 

-'^ex-'- T^ - ^ -'ex 



n^ 87r IQn 

c:(i)V3c(5),,3^. ... 



2C(4) , ,,^4 



.3 ^'"'^['"Si^^^^UwJ 4. 



P.^T' (87) 



Here V^x is the excluded volume (the volume of the region between the two plates, 
shown in white in Fig. [t]). Likewise Ae^ = 2Apiatc + bLz is the excluded area (the 
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surface area of the region in white, counting just the boundaries with sohd hues), 
and Pex = 2L2 is the excluded perimeter. These geometrical terms have a simple 
interpretation, that at low temperatures thermal excitations cannot propagate in the 
region between the plates. 

The leading diffractive contribution to the thermal free energy associated with the 
edffe is 

^edge 2C(4) ..„.. A ,_.„. C(A)\ L, 



JfJ 



ihTf ( log(26T) + ^) ^, 



This contribution to the thermal free energy was studied by Gies and Weber in [8] 
using the world-line formalism. They observed that their numerical data was well 
fit, in the low temperature limit, by a power-law temperature dependence with a 
non-integer exponent ~ T^'^^. A numerical fit of our analytic result (88) in terms of 



a power-law dependence, for low temperatures, agrees well with the data in [8] and 
produces a similar exponent. However it is clear from our analysis that the non- integer 
power law found in [8] is actually due to a logarithmic temperature dependence of 
the form T'^ logT. 



4 Conclusions 

To summarize, we find that up to first order in diffractive effects, the thermal free 
energy at low temperature is 



Perpendicular plates 



C(2)^^y, + ^ML.^aT' _ ^^^L^a^T' + 0{T' 



57r 



47r 



945 



^9) 



This was given in (47). 



Slit geometry 



as given in ( 63 ) 



slit,T 



^^^^-L-^wT^ - ^-^L^w^T^ + 0{T^) 



4n 



907r 



(90) 
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Parallel plates 

For parallel plates we find (87), which can be decomposed into an excluded volume 

contribution 

Ffr = ^ V^.T' - ^Ae^T^ + ^PexT^ (91) 

and a diffractive edge contribution 

tr = -'-^ m' (log(2(,T) + fH) ^ + '^L.bV + • • • (92) 

These results are consistent with the world-line numerical analysis in [7| [8] and 
they further capture subleading temperature dependence arising from diffractive ef- 



fects. The result (92) provides an analytic understanding of the fractional power law 
observed in [S]. From a mathematical point of view we find it interesting that these 
non-trivial power laws are encoded in the non-local differential operators ([9]). 

Our method is rather general and can be applied to many contexts in field theory 
where geometrical and thermal effects, and in particular the interplay between them, 
are important. For instance they could be used to study thermal corrections to the in- 
teraction between holes in a plate [10]. It is also straightforward to extend our results 
to higher dimensions. Another analytical approach to studying Casimir energies in 
geometries with edges and apertures is the multiple scattering method developed in 
[1] . It would be interesting to understand the relation between the expansion scheme 
developed here and the methods used in |1], as well as the convergence properties of 
these expansions at any temperature. 
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A Ideal gas thermodynamics 

The partition function for an ideal gas in a rectangular box of size L^ x b x L^, 
with Dirichlet boundary conditions in the L^ and b directions and periodic boundary 
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conditions around L^ and /?, is 








-\ogZu = ip:t\og{- 


-D) 






= ^E'°g 


fn'n\ /mn\'^ 

[[lJ +( J + 


f2kTTY 

\Lz J 


/2/7ry" 



(93) 



where n,m = 1, 2, ■ ■ ■ and fc, / G Z. As discussed in [3J appendix B, the renormahzed 
partition function is, in the hmit L^, L^ — ?■ oo, 



-log ZiA 



-'- ^'^(4^-'-)4^\KAs.m.isM-^{^-'- 
(94) 
where the heat kernels associated with periodic (P) and Dirichlet (D) directions are 



KD{s,b) 



f^ . (^ Sr^ -0^r?l^s 



V47rs Vtts ^ 

* * n=l 



+ 



Va 



TVS 



n=l 



-Ip'r? I s 



(95) 
(96) 



The expansions (95), (96) are useful when (3 or b are large. For small /3 or 6 we use 



the Poisson-resummed forms 



Kp{s,/3) = l + 2j]e-^^"'"'/''' 



n=l 



ir^(s,6) = X]e-^"'^' 



/62 



(97) 
(98) 



n=l 



To study the behavior at low temperature (/3 ^ 6) we rewrite (94) as 



log Z4d 



1 /"OO 

2 



(is / Lx 



1\ L, 



s VV^vrs 2/ v^^ 

/3 



+ 



V4 



TTS 



i^D(s,6) 



irp(s,/3) 
h 



/3 



-\/47rs 
1 



i^D(s,&) 



Vi 



vrs 



(99) 



From (95), (98) the first line is exponentially suppressed at low temperatures, while 
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the second line can be evaluated analytically. After integrating over s we find 

- log Z4d = 



C(4)/3L,L, _^ C(3)/3L, 



I671W 327r62 ^2^ 



L.i. ^ (!!!)"%,V,(,™„^/i) 



3 -^^^ V n / 

m,n=l 






m 



26 -^ n 

m,n=l 



Ji'i {mn'n'P/b) 



(100) 



The first two terms determine the Casimir energy at zero temperature associated with 
this geometry, 

nCasimir _ CkV^^Lz , C(3)-f'2 



Ek 



+ 



'^=° 167r263 ' 327r62 

while the remaining terms give exponentially small thermal corrections. 



(101) 



To study the behavior at high temperatures (/3 ^ h) we rewrite (94) as 

^ ds f L,. 1 
2 



- log Z. 



4d 







+ (Kp{s,f3)- 



Kp{s,f3)(KD{s,b) 



Va 



ns 



/3 



Va 



lis 



Va 



ns 



1 
(102) 



We use (97), (96) in the first line, while the second line can be evaluated analytically. 
Thus 



- log Z, 



4d 



S[^) yrp3 _|_ siy]_Arp2 



C{2)_p^ _ C(3)L,.L, ^ C(2)L 



Tl" 



-h^ho 




»7r 

00 

E 

m,n=l 



IGtt 



IGnb'^ 



00 



(103) 



rr~i \ 3/2 J. _ — _ jYi 

-] K^,2{mnA'Kh/l3) + ^ V -Ki (mn47r6//3) 
n J p ^-^ n 

m,n=l 



Here ^ = LJjLz is the volume of the box, A = 2(L^. + b)Lz is the surface area, 
and P = ALz is the "perimeter" (the length of the corners). The terms which are 
independent of T come from Kp{s, /3) = 1 + ■ ■ ■ in the first line; they give the Casimir 
energy associated with this geometry after dimensional reduction along the Euclidean 
time direction. The volume term in (103) gives the usual extensive free energy of an 
ideal gas; note that only Dirichlet boundaries count towards the surface area. 

One can perform a similar analysis in 2+1 dimensions. For a gas in a box of size 
b X Lz, with Dirichlet boundary conditions in b and periodic boundary conditions 
around L^ and (3, the starting point is, for L^ — )■ 00, 



- log Z: 



3d 



ds L, 



s yi 



TIS 



Kp{s,f3)Kn{s,b) 



/3 



\/Atcs \\/A7rs 



(104) 
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Proceeding as before, at low temperatures we have 

- l°g^3d = -^^ - ^ f: -Mmn.p/h) (105) 

m,n=l 

The first term gives the Casimir energy at zero temperature in 2+1 dimensions, while 
the remaining terms are exponentially small thermal corrections. At high tempera- 



tures the steps leading to (103) give 



C(3)bLz ttLz ttLz 2Lz v^ m , , ,^, , , 



2ir;32 12^ 24t P ^, n 



m,n=l 



B Direct free energy for parallel plates 

In this appendix we compute the second piece of the direct free energy for parallel 



plates (68). The 2d partition function is 



^ oo 

- log Z^'J = --5;;iog(l-e-2MWa)^+M^^ 

n=l 

= -— r dk log (l - e-^'V^^^+f^) + - log (1 - e-^''') + 0{l/a) 
2n Jq V / 4 ^ 

where we used the Euler-Maclaurin summation formula to obtain the behavior for 



large a. Letting x = h^/W^+iJ^ and integrating by parts this is 

-r dx Vx^ - ^W (e^^- - l) "' + - log (l - e^^^^) + 0{l/a) (107) 

The non-analytic behavior of the integral as /i6 — )■ can be obtained by the method 



explained below (39). Keeping only terms which are non- analytic as functions of /x^, 
we find that 

-\ogZf} = llog/i6- ^M« + ^) - ^afe/i^ log /i6 + 0((/i6)^) (108) 

Substituting this in ([27|), the four dimensional free energy is 



Pf^ = -^ X] / '"^^ MPfJ'^) ( ^ log f^b - -fi{a + b) - ■^(^bfi'^ log fib j 
1=1 Jo \ / 

- ^^^^ LzT^ + ^Lz{a + b)T' - ^LzabT^ (109) 



An Att vr^ 
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Another approach to evaluating (68) is to begin from the partition function for a 



Bose gas in a box of size a x Lz x 2b, with Dirichlet boundary conditions in a and 
periodic boundary conditions around L^ and 26. With a, L^ — )■ oo this is 



Kp{s,f3)Kp{s,2b)- 



/3 



26 



2 Jq s \^/A^TS 2/ i/ivrs |^^^-f'^""^^^^^^"' ""^ y^Ans ^/ATCs 

(110) 
This partition function is manifestly symmetric under exchange /3 ^ 26. Evaluating 
it at large (3 as in appendix |X} we find 



- log ZBose 



C(4)aL,/3 , C(3)I../3 C(3)ai.. , ({2)1, 



8n%^ 167r62 27r/32 27r/3 

+ (exponentially small thermal corrections) 



'1111 



while evaluating it at small (3 gives 

- log Zbosc = 



2C(4)aL,6 , C{3)Lzb C(3)aL, _^ C(2)i:. 



7r2/33 27r/32 8716^ ' Anb 

+ (exponentially small finite size corrections) 



'112) 



Regarding 26 as the Euclidean time direction and working in a Hamiltonian picture 
we have 



- log Zbosc = Tr loj 



2sinh {b^{nn/ay + (2A:7r/L,)2 + {2ln//3y)] (113) 



After multiplying by an overall factor of —1/2, this can be identified with the contri- 



bution (68) to the direct free energy for parallel plates, except that in (68) the zero 



point energy has been suppressed. That is, we can identify 



i^fS 



log ZBose - 2bEca 



;ii4) 



where the Casimir energy at zero "temperature" (meaning 26 — ;■ 00) for this geometry 

C(4)aL, , C(3)L. 



is, from (112) 



E, 



Casimir 



71^(3 



2R3 



47r/32 



(115) 



Using (111), we find that (114) reproduces the temperature dependence seen in (109) 



and in fact shows that corrections to (109) are exponentially small 
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